ABSTRACT: There are two chiral Archimedean polyhedra, the snub cube and snub dodecahedron together with their dual Catalan solids, pentagonal icositetrahedron and pentagonal hexacontahedron. In this paper we construct the chiral polyhedra and their dual solids in a systematic way. We use the proper rotational subgroups of the Coxeter groups H to derive the orbits representing the solids of interest. They lead to the polyhedra tetrahedron, icosahedron, snub cube, and snub dodecahedron respectively. We prove that the tetrahedron and icosahedron can be transformed to their mirror images by the proper rotational octahedral group Their duals are constructed as the unions of three orbits of the groups of concern. We also 1. Introduction t seems that the Coxeter groups and their orbits (Coxeter and Moser, 1965) derived from the Coxeter diagrams describe molecular structures (Cotton et al. 1999) , viral symmetries (Caspar and Klug, 1962; Twarock, 2006) , crystallographic and quasi crystallographic materials (Jaric, 1989) . Chirality is a very interesting topic in molecular chemistry and physics. A number of molecules display one type of chirality; they are either leftoriented or right-oriented molecules. In fundamental physics chirality plays a very important role. For example a massless Dirac particle has to be either in the left handed state or in the right handed state. No Lorentz transformation exists which can transform one state to the other state. The weak interactions which are described by the standard model of high energy physics are invariant under one type of chiral transformations. In three dimensional Euclidean space, which will be the topic of this paper, chirality is defined as follows: an object which cannot be transformed to its mirror image by other than the proper rotations and translations is called chiral. For this reason the chiral objects lack the plane and/or central inversion symmetry. In two previous papers we have constructed the vertices of the Platonic-Archimedean solids (Koca et al. 2007 ) and the dual solids of the Archimedean solids, the Catalan solids (Koca et al. 2010) , using the quaternionic representations of the rank-3 Coxeter groups. Two of the 13 Archimedean solids, the snub cube and snub dodecahedron are the chiral polyhedra whose symmetries are the proper rotational subgroups of the octahedral group and the icosahedral group respectively.
In this paper we use a similar technique as that in (Koca et al. 2007; Koca et al. 2010) to construct the vertices of the chiral Archimedean solids, snub cube, snub dodecahedron and their duals. They have been constructed by employing several techniques (Huybers and Coxeter, 1979; Weissbach and Martini, 2002) but it seems that the method in what follows has not been studied earlier in this context. We follow a systematic method for the construction of the chiral polyhedra. First we begin with the Coxeter diagrams 111 AAA  and 3 A that lead to the tetrahedron and icosahedron respectively and prove that they possess larger proper rotational symmetries which transform them to their mirror images and so demonstrate that they are not chiral solids. We organize the paper as follows. In Sec. 
quaternions generate the four-dimensional Euclidean space. The Coxeter diagram 111 AAA can be represented by its quaternionic roots in Figure 1 with the normalization 2 . 
For any Coxeter diagram, the simple roots i  and their dual vectors i  satisfy the scalar product (Carter, 1972; Humpherys, 1990) .
We note also that they can be expressed in terms of each other:
Let  be an arbitrary quaternionic simple root. Then the reflection of an arbitrary vector  with respect to the plane orthogonal to the simple root  is given by (Koca et al. 2001 
They generate an elementary Abelian group 
The next Coxeter group which will be used is the tetrahedral group
A with its quaternionic roots is shown in Figure 2 . 
The group elements of the Coxeter group which is isomorphic to the tetrahedral group of order 24 can be written compactly by the set (Koca et al. 2003; Koca et al. 2006a; Koca et al. 2006b ). 
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where O is the binary octahedral group of quaternions of order 48 (Koca et al. 2003; Koca et al. 2006a; Koca et al. 2006b ). The Coxeter diagram 3 B leading to the octahedral group Figure 3 . 
The generators, 
generate the octahedral group which can be written as
A shorthand notation could be 
, and the pyritohedral group consisting of the
. The pyritohedral symmetry represents the symmetry of the pyritohedron, an irregular dodecahedron, with irregular pentagonal faces which occurs in iron pyrites.
The Coxeter diagram 3
H leading to the icosahedral group is shown in Figure 4 . 
The generators, () a a a of the vector  are called the Dynkin indices (Slansky, 1981) which are non-negative integers if it represents the highest weight vector. Here we are not restricted to the integer values of the Dynkin indices. They can be any real number. When the components of the vector in the dual space are non integer values we will separate them by commas otherwise no commas will be used. For an arbitrary Coxeter diagram of rank 3 we define the fundamental orbits as 1 2 3 ( ) (100), ( ) (010), and ( )
Any linear combination of the basis vectors i  over the real numbers will, in general, lead to quasi regular polyhedra under the action of the Coxeter group. In the next four sections we discuss a systematic construction of chiral polyhedra and their dual solids. In our construction, a tetrahedron and icosahedron will also occur but we prove that they are not chiral polyhedra.
The orbit
as a tetrahedron 
The tetrahedron with these vertices is shown in Figure 5 . These are the vertices of a tetrahedron invariant under the rotation group given in (8). Of course, the full symmetry of the tetrahedron is a group of order 24 isomorphic to the permutation group 4 S generated by reflections of the Coxeter-Dynkin diagram 3
A (Koca et al. 2010) . Now the mirror image of the tetrahedron of (20) can be determined by applying the same group of elements in (8) 
Of course we know that the union of two orbits in (20) and (21) determines the vertices of a cube. The point here is that if we were restricted to the group 22 CC  of (8) then the tetrahedron in (20) would be a chiral solid.
However this is not true because there exist additional rotational symmetries which exchange these two orbits of (20) and (21) proving that the tetrahedron is not a chiral solid. Now we discuss these additional symmetries. It is obvious that the Coxeter diagram in Figure 1 has 
This is the proper rotational symmetry of the octahedron whose vertices are represented by the set of quaternions 
which constitute the vertices of the icosahedron shown in Figure 7 . 
This is another icosahedron which is the mirror image of the icosahedron of (28 other by rotations therefore the icosahedron is not a chiral solid rather it is achiral. When two orbits of (28) and (29) are combined one obtains a quasi regular polyhedron which can be obtained as the orbit of the group 3 ( )(1, , 0) WB  (Koca et al. 2011a) . The quasi regular polyhedron represented by the combined vertices of (28-29) is shown in Figure 8 . It consists of two types of faces, squares of side  and isogonal hexagons of sides 1and .
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Figure 8. The quasi regular polyhedron represented by the vertices of (28-29).
Although we know that the dual of an icosahedron is a dodecahedron (Koca et al. 2010) here we show how the vertices of the dodecahedron can be obtained from the vertices of the icosahedron, say, from the vertices of () I O  given in (28). We have to determine the centers of the planes in Figure 6 . We can choose the vector . Then we obtain three orbits: Note that the last two orbits represent the vertices of two dual tetrahedra which, when combined, represent a cube. These 20 vertices which decompose as three orbits under the tetrahedral group represent the vertices of a dodecahedron as shown in the Figure 9 which is also an achiral solid. So far we have shown that, although, a tetrahedron and icosahedron can be obtained as chiral solids there exist additional proper rotational group elements that convert them to their mirror images. Therefore they are not chiral solids. Figure 9 . Dodecahedron represented by the vertices of (31).
Although our main topic is to study the chiral objects systematically using the Coxeter diagrams, here with a brief digression, we construct the pyritohedron, a non regular dodecahedron, made by 12 irregular pentagons.
If we plot the solid represented by the orbit 42 () Ab  in the first line of (31) we obtain an irregular icosahedron as shown in Figure 10 . In Figure 11 we show the faces joining to the vector 2 b  .  .
There we see that two of the triangles are equilateral and the remaining three are isosceles triangles. We determine the centers of the faces of this irregular icosahedron. The faces #1 and #3 can be represented again by the vectors 1  and 3  respectively. The centers of the faces of the #2, #4 and #5 can be determined, up to a scale factor, by averaging the vectors representing the vertices of the isosceles triangles. They can be obtained, up to a scale factor, as: 
These three vertices determine a plane which can be represented by its normal vector 
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which leads to the pyritohedron as shown in Figure 12 . Its symmetry is represented by pyritohedral group A variety of pyritohedra can be constructed. If two orbits of the tetrahedron leading to the vertices of a cube are chosen to be the set of quaternions r r r r    as shown in Figure 13 . 
Deleting the overall scale factor in (36) the set of vectors constituting the orbits can be easily determined (Koca et al. 2010) 
The snub cubes represented by these sets of vertices are depicted in Figure 14 . Note that no proper rotational symmetry exists t transforms these two mirror images to each other so that they are truly chiral solids. One can combine the vertices of these two chiral solids in one solid which is achiral and it is depicted in Figure 15 . This quasi regular solid can be obtained from the vector The dual of the snub cube can be determined by determining the centers of the faces as shown in Figure 13 . Similar arguments discussed in Sec. 4 can be used to determine the centers of the faces in Figure 13 . 
The pentagonal icositetrahedron is shown in Figure 16 . 
The snub dodecahedron derived from the orbit
The snub dodecahedron is the second Archimedean chiral solid. Its vertices and its dual solid can be determined employing the same method described in section 5. The proper rotational subgroup of the Coxeter group The only difference of this from the one in Figure 13 is that in the present case the face #1 is an equilateral triangle whose center is represented by the vector 1  and the face #3 is a regular pentagon whose center is represented by the vector 3  . Assuming that face #1, face #2, face #4 and face #5 are equilateral triangles which lie in the same orbit of size 60 one obtains the following equations: 
Two snub dodecahedra obtained using these vectors are shown in Figure 18 (a) and (b). One can combine the vertices of these two chiral solids in one solid which is achiral and it is depicted in Figure 18 
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The pentagonal hexecontahedron is shown in Figure 19 . Figure 19 . The pentagonal hexacontahedron, the dual of the snub dodecahedron.
The pentagonal hexacontahedron is one of the face transitive Catalan solid which has 92 vertices, 180 edges and 60 faces.
Concluding Remarks
In this work we presented a systematic construction of the chiral polyhedra, the snub cube, snub dodecahedron and their duals using proper rotational subgroups of the octahedral group and the icosahedral group. We used the Coxeter A we obtained the vertices of a tetrahedron and icosahedrons which are not chiral solids because they can be transformed to their mirror images by the proper rotational subgroup of the octahedral group.
As a by-product we also constructed the orbit of the pyritohedron using the pyritohedral group which is the symmetry of the iron pyrites.
This method can be extended to the higher dimensional Coxeter groups to determine the chiral polytopes. For example, the snub 24-cell, a chiral polytope in the 4D Euclidean space can be determined using the 4 D Coxeter diagram (Koca et al. 2011b) .
